Introduction
In his paper [1] , Graham Ellis defined the concept of a multiplicative Lie algebra. According to his definition we have the following. In this definition, y x is short for yxy −1 , [x, y] is the commutator xyx −1 y −1 , and (iv) is a Jacobi-Witt-Hall type identity. The study of such properties began in the papers by MacDonald and Neumann ( [2] , [3] ), who were interested in the interrelationships between various commutator laws. Graham Ellis was interested in showing that any universal commutator identity was a consequence of the identities in the above definition.
The papers by MacDonald and Neumann claimed to give a set of commutator identities from which all universal commutator identities can be deduced. However, they assumed an identity of the form {{x, y}, z} = {xyx −1 y −1 , z} and they defined conjugation in terms of the commutator they had defined.
Thus, [x,y] [1] ) Let E be a group and let P = E Z(E) . Define an action of P on E by for u ∈ E, x ∈ P (letting x = xZ(E), x ∈ E), x u = xux −1 . Let G be the semidirect product of E by P using the above action.
) defines a Lie product on G , which is in general different from the usual commutator defined on G .
Example 2.5
In general, suppose that G is a group, H ≤ G , and f : G → H is a homomorphism so that for 
Example 2.6 Let G = ⟨a⟩ × ⟨b⟩ and suppose that x ∈ G is such that |x| divides both |a| and |b| (here we are assuming that anything will divide infinity). Now we can define a Lie product on G by
Here are a few remarks. The results of the last two remarks could be determined directly from the definition of a Lie product, but as they will follow from some general results given later, their proofs are omitted for now. The last remark is actually found in [1] and in [3] . These two remarks serve to motivate the following question.
Question For which groups must the trivial consequence hold?
Some results
Note that any subgroup of a group that can be defined in terms of commutators will have an analog defined by a given Lie product. We will indicate (in general) these subgroups by using script in the usual notations.
Thus, if G is a group and {, } is a Lie product of G , we define G ′ := ⟨{{x, y}| x, y ∈ G}⟩ and Z(G) := {y ∈ G| {x, y} = 1 for all x ∈ G}. Note that both G ′ and Z(G) are normal subgroups of G . Also, if H and K are subsets of G , we define {H,
The next result is a slight extension of the above remarks: Lemma 3.1 Let G be a group with Lie product {, } . Then we must have:
Proof

From Theorem 2.1 parts 5 and 2 we know that
2. This follows directly from Theorem 2.1 3.
3. This follows from 2. 
Now
Proof The important fact that we need about (nonabelian) free groups is that the centralizer of a nontrivial normal subgroup must be trivial. Note that Theorem 2.
It follows that either F ′ = 1 and thus for all x, y ∈ F, {x, y} = 1 or C F (F ′ ) = 1 and thus for all 
Then the trivial consequence must hold for G . 
Proof We show that ℓ and ℓ 1 satisfy the appropriate conditions. For all x, y, z ∈ G :
In the next part of the proof we are assuming that x, y, z ∈ C G (G ′ ).
(iv) Note that 
The last comment follows from the fact that
Proof Since G is perfect, we have from Theorem 3.
This result was an inspiration for the following theorem.
Theorem 3.7 Let G be a group and suppose that there is a function g : 
where we have used the fact that g(1, x) = 1 .
Using similar reasoning we can conclude that We define g : G G ′ × G G ′ → Z(G) by saying for all x, y ∈ G , that g(xG ′ , yG ′ ) = ℓ(x, y) −1 . Note that if xG ′ = x 1 G ′ and yG ′ = y 1 G ′ , then x −1 1 x, y −1 1 y ∈ G ′ . It follows that ℓ(x 1 , y 1 ) = ℓ(x, y 1 ) = ℓ(x, y) and hence G is well defined. Now using the properties of ℓ and the fact that g maps into the center, it is easy to check that g satisfies the appropriate conditions above.
is defined as in the theorem, as required. P Remark 3.8 If G is a dihedral group of order 2 n , then the function g of Theorem 3.7 can be viewed as a homomorphism from the alternating tensor square of G
As the alternating tensor square of Z 2 × Z 2 is a module over Z 2 of dimension 3 , we can construct functions g satisfying the conditions of Theorem 3.7. It follows that the trivial consequence can never hold for any dihedral 2-group.
Remark 3.9
If G is an abelian group, then for all subgroups H of G we must have C G (H) = Z(G) = G .
Hence, by Theorem 3.7 all possible Lie products must arise as in the theorem. Notice that all such functions g must factor through the alternating tensor square of G . It follows that if G is an abelian group with trivial alternating square (such as a rank 1 group), then the trivial consequence must hold for G .
The following corollary is a slight extension of Corollary 3.5 Corollary 3.10 Let 1 ̸ = G be a perfect group with a Lie product {, } so that C G (G ′ ) is abelian. Then, for all
is abelian, we must have G = G ′ . Hence, C G (G ′ ) = Z(G) . Now the result follows from Theorem 3.7. P
The next result allows us to determine the possible Lie products for perfect groups.
Theorem 3.11 Suppose that G is a perfect group with Lie product {, }. Then there is a subgroup H of G that is perfect so that G = HC G (H) (that is, G is a central product) , and for all x, y ∈ G with 
Z(G) must be nilpotent of class ≤ 2 .
Proof Note that for all a, b, y ∈ G, x ∈ C G (G ′ ), we have by Theorem 2. Note that it is clear that Z(G) ≤ C G (G ′ ) . The result now follows as C G (G ′ ) is nilpotent of class ≤ 2 . P Corollary 3.13 Let G be a group having a Lie product {, } so that C G (G ′ ) ∩ C G (G ′ ) = 1 . Then for all
x ∈ G, y ∈ G ′ , we must have {x, y} = [x, y] .
Proof By Theorem 3.12 we have C G (G ′ ) = Z(G The result now follows from a simple calculation. P
